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1. INTRODUCTION

A shaped charge consists of a cylinder of explosive with a hollow cavity In one end and a

detonator at the opposite end. The hollow cavity, which may assume almost any geometric

shape such as a hemisphere, a cone, tulip, trumpet, or, In fact, any arcuate device Is usually

lined with a thin layer of metal. The liner forms a jet when the explosive charge Is detonated.

Upon Initiation, a sphurical wave propagates outward from the point of Initiation. This high
pressure shock wave moves at a very high velocity, typically around 8 km/s. As the

detonation wave engulfs the lined cavity, the material Is accelerated under the high detonation

pressure, collapsing the liner. During this process, the liner material Is driven to very violent

distortions over very short time Intervals, at strain rates of 104-107 s-1. High strains are

readily achieved since superimposed on the deformation are very large hydrodynamic

pressures (peak pressures of approximately 200 GPa, decaying to an average of

approximately 20 GPa). For conical liners, the collapse of the liner material onto the

centerline forces a portion of the liner to flow In the form of a jet where the jet tip velocity can

travel In excess of 10 km/s. The jet temperature Is about 500-900 K according to the

measurements of von Holle and Trimble (Walters and Zukas 1989) for a shaped charge with a.

copper conical liner. Also, there are undoubtedly temperature gradients along and through the

jet. Because of the presence of an axial velocity gradient, the jet will stretch until It fractures

Into a column of particles. This fracture of the jet Into a series of particles Is termed jet

breakup or particulatlon. Associated with the partlculatlon of a shaped charge Jet, there exists

an average particle length of the partlculated Jet segments with an average velocity difference

between them.

There are at least three reasons for attempting to calculate the velocity difference (AV)

between partIculated shaped charge jet particles. First, this AV Is usually 0.1 km/s for most

jets from copper conical liners. Thus, attempting to calculate a known (or approximately
known) quantity may serve to verify the calculatlonal and modeling method used to

characterize the liner material and the parliculatlon process. Second, the AV between

particulated jet particles may be linked to the calculation of jet breakup time If AV ALut,
where AV Is the velocity difference between partlculated jet particles, AL Is the characteristic

length or change In particle length which occurs over the Interval AV, and 't Is the average jet

breakup time, measured from some reference point (when the detonation wave hits the liner,
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from the Initiation of the detonator, when the liner element In question arrives at the Jet axis of

symmetry, the virtual origin, etc.). Third, if the penetration of a particulated jet is calculated

Incrementally, i.e., particle by particle, then the separation distance and velocity between jet

particles must be known.

The nature of the particulation of the shaped charge jet, and the associated average

velocity difference between particles, has been of Interest for over 50 years. It Is known that

certain liner materials exhibit extreme ductility under the Intense dynamic conditions Involved

In the shaped charge collapse process. These materials often do not possess the same

degree of ductility under ambient conditions and can undergo dynamic elongations of 1,000%

or more. The problem is complicated by the fact that the material properties of the liner are

not well known under the Intense dynamic conditions that the jet undergoes during Its

collapse, formation, and growth. Complex hydrocode computer programs are limited because

accurate equations of state and constitutive equations are not available under these

conditions. Also, the fracture mechanism and associated algorithm Is not well known.

Nevertheless, shaped charge experiments provide an excellent test bed for the study of

materials under intense loading conditions.

This report will address the analytical calculation of the AV between partlculated jet

particles. The calculation Is dependent upon an appropriate constitutive equation. Three

,onstitutive equations are examIned-the Zerillli-Armstrong model for face-centered-cubic liner

materials (notably copper), the Johnson-Cook, and the modified Johnson-Cook equations.

Future studies will concern body-centered-cubic materials and the calculation of jet

particulatlon (breakup) time.

1.1 Exoerlmental Approach. The experimental characterization of shaped charge jets is

most commonly performed using multiple flash x-ray units. Each flash x-ray unit provides an

Image of the shaped charge jet at a known time. In a typical experiment, several x-ray units

are flashed at predetermined time Intervals. In general, the entire shaped charge Jet cannot

be captured In a single experiment due to limitations In thu length of x-ray film which can be

exposed and the need to protect the film from the explosive blast. The x-ray films are

analyzed to determine the position, length, radius, mass, and velocity of each of the jet

particles. The velocity of a jet particle is determined from the position of the particle's center
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of mass at each flash time (Summers and Wright 1992). Once the velocity of each jet particle

has boen derived, the calculation of the velocity difference between adjacent jet particles is

trivial.

The velocity difference between particles for a jet from a copper liner typically ranges from

nearly 0 to 250 m/s. The highest values of AV are observed between two particles which

separate earlier than the neighboring particles. This variation In separation timG and AV Is

attributed to inhomogeneities In the shaped charge jet material. The average AV hatween jet

particles over all particles from a single jet Is relatively constant, between 80 m/s and 130 m/s,

for most copper jets regardless of the liner size or geometry.

1.2 Previous Analytical Models. Analytical models to estimate the AV between jet

particles are available, notably due to Held, Carleone and Chou, Pfeffer, Haugstad, and

Hirsch. These AV models are generally by-products of breakup time calculation models. All

of the AV models are one-dimensional and primarily semiempirical.

Other studies which are related to jet breakup time but provide some insight Into

mechanisms behind jet particulation, jet ductility, and/or the velocity difference between

particulated jet particles are given below. Shelton and Arbuckle (1979) considered the

propagation of relief waves fcilowlng a break In the jet. The speed of relief wave propagation

from the break was calculated by two different models. Walsh (1984) provided Insight Into

certain mechanisms, i.e., surface disturbances, that may lead to jet instability. These

disturbances include explosive homogeneity, liner dimensional tolerance, velocity gradient

perturbations, and liner dynamic strength variations. Walsh concluded that breakup depends

on the perturbation structure and a single dimensionless flow parameter

pV2R
;AV0R

where a is the yield strength of the Jet, p Is its density, R is the jet radius, and AVo2 is the

initial jet stretch rate. The subscript "o" represents Initial jet conditions. Finally, it was shown

that the length traveled until breakup occurred Lb = L.b (Lo, 0, 'O), where Lo is the Initial jet
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length, C, Is the Initial value of 0, and IYo is the Initial surface roughness. Haugstad (1983)

and Haugstad and Dullum (1983) formulated two models for the Jet breakup time by

considering viscoplastlc effects of a - c + Ig, where gt has the form of a viscosity, a Is the

yield stress, co is the quasistatic yield stress, and t is the strain rate.

In addition to a formula for the jet breakup time, they determined the AV between

particulated jet particles to be

AV - 0.87 jY.

Hirsch (1979) attempted to express a term defined as the plastic velocity (sometimes

Interpreted to be the AV between particulated jet particles) to be

VP' T

where a is the liner metal dynamic yield stress and p Is the density of the liner material.

Hirsch employed the Mott fragmentation model as mentioned by Chou, Sldhu, and Mortimer

(1963) and provided a description of the breakup time model as arising from shear bands or

Sdam

where dam represents the difference between the Isothermal and adiabatic stress-vs.-straln

characteristics of the metal at the point where the adiabatic stress becomes a maximum.

Hirsch quotes strains of 1 to 2 at a strain rate of 105 s- 1 for OFHC copper. These values of

strain are considerably lower than those quoted by Chou and Carleone (1976). Hirsch

(1981 a) further qualified the plastic velocity by suggesting a breakup mechanism where holes
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caused by a pile up of vacancies are formed at the metal surface and gradually Increase until

breaking it (i.e., breakup Is caused by the formation of voids In the jet). Hirsch also predicted

the existence of a strain rate threshold below which other mechanisms dominate the breakup

process. Hirsch (1981b) states that even perfectly symmetrical and homogeneous shaped

charge configurations have transverse velocity components in the jet. This means that the

breakup process starts during the liner collapse, and the transverse velocity influen~es the jet

breakup and the AV between particles. Hirsch (1990) relates the plastic velocity to the
processes which affect the liner metallurgical -tate during the Initial stages of jet formation.

Hirsch shows how both the deformation energy heating the sliding shear bands during the

localization process and the rate of the instability growing In the plastic flow during this

process combine to determine the plastic velocity parameter. This velocity is shown to be

related to both the velocity due to the plastic deformation and the component of the maximum

slide velocity allowable to form shear bands In the elongation direction. Hirsch thus attempts

to include the Influence of the metallurgical structure of the liner on the breakup time and AV.

In this study, small strains (less than one) are calculated.

Pfeffer (1980) obtained a jet breakup time formula that indicates that the breakup time Is

inversely proportional to the Initial strain rate, weakly dependent on the Initial jet radius, but

Independent of the liner material yield strength. Pfeffer assumed a formula for the shape of

the broken jet segment and also gave an expression for the AV between jet segments as

AV , 0.95 "-,

where a Is the jet yield strength and p Is the jet density. These results are based on a curve

fit of two-dimensional computar simulations. Held (1989), quoting earlier studies by Trinks,

reported on calculations based on the kinetic energy of a continuous and particulated jet. This

energy balance revealed the velocity difference between the upper and lower velocities of a

jet section before particulation to be Av = 124ea/p . From the Chou-Carleorie analysis

(Chou, Carleone, and Karpp 1974; Chou and Flis 1986; Chou and Carleone 1977a, 1977b), It

can be shown that AV = 0.7 V"P'. Table 1 lists the analytical expressions for the AV

models. Note that all formulas yield a dependence on Fa/p. Also, note that the calculated

AV will be the same for all shaped charge liner geometries of the same material once the
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Table 1. Analytical Equations for the Prediction of the Velocity Difference Between
Particulated Jet Particles

AV Expressions

Investigators AV -

Haugstad (1983), 0.87 V'- 7/
Haugstad and Dullum

(1983)
Pfeffer (1980) 0.95 rI-

Hirsch (1979)

Chou-Carieono (1977a) 0.7 G'1p

Held (1989)8
24¢w

____ ____ ____ ____ ____ p

a Here, / 4 it the veloclty difference between the upper and
lower velochies of a jet before breakup

assumed constant yield strength Is established for the liner material. In most breakup time

models, the average jet breakup time Is also dependent on vr7 and hence AV.

Held (1985), Mostert and Koenig (1987), Golask and Duffy (1987), Chokshi and Meyers
(1990), and Hirsch (1992) among others comment on the Influence of liner metallurgy on the

jet ductility. Golaaki and Duffy (1987) did not provide a AV formula, but showed a direct

correlation between liner grain size and jet breakup time. Mostert and Koening (1987) stated

that the jet from a shaped charge elongates to a strain well In excess of 10 before it

particulates. They also noted that the micromechanlcal properties of the liner, as well as its

purity, have an Influence on the ductility of the Jet, but these factors are not Included in any

existing models. Factors which are known to affect jet breakup time, and hence jet ductility,

are given by Held (1989) and Waiters and Zukas (1989).
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2. THE ANALYTICAL MODEL

2.1 DefInitions. For clarity, the expressions for the stress, strain, and strain rate used in

this study to convert from one definition to the other are specified below. It is noted that the

definition of strain (or stress) Is not clearly specified in most of the analytical models

previously published. The engineering strain Is defined as -1 ,andthetrue

strain e - In .. , where I Is the final length of the jet and 1o Is the Initial length.

Thus, de" and"de "di dA since Ao'1 0 At by the conservation of mass

equation for Incompressible flow. Also,

to and i .to I

Hence,

* t(e + 1),

e- In (e + 1), and

e Wexpe - 1.

The force F - aA - a*Ao, where A0 Is the Initial cross-sectional area of the jet and a and

a. represent the true and engineering stresses, respectively.
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Since i - AU, where AU is the velocity difference (assumed constant) which results In the

imposed stretch or strain rate, I.e., the difference between the tip velocity and the tail velocity

of the jet, then

AU -- exp(-e).

2.2 Constitutive Eauatlons. The particulatton process, and the resulting average velocity

difference between particulated jet particles, must depend on the constitutive behavior of the

material, i.e., the stress-strain-strain-rate interdependency. The constitutive relationships

chosen for this study were the Zerilli.Armstrong and the Johnson-Cook models since the exact

functional forms and the values of the coefficients used In the equations are available. The

Zerilli-Armstrong (1987) constitutive equation for face-centered-cubic materials is

a - C, + k X-112 + C2 E"2 exp(-C 3T + C4TInt). (1)

The stress a Is In MPa, the strain rate 9 Is In s"1, and the temperature T Is in K. For an

OFHC copper jet, Zerilll-Armstrong give

k microstructural stress Intensity - 5.0 MPa (mm) 112

X grain size a 0.075 mm

Co 46.5 MPa

C2 - 890.0 MPa

C3 0.0028 K"1

C4 0.000115 K"1 .

The Johnson-Cook (1983, 1985) constitutive equation was Investigated due to its

popularity in many hydrocodes. Johnson (1983) reports

a - (A + Ben)(1 + CInt)(1 - T' m ), (2)
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and

T" - (T - Tmom)/(Tmeft - Troom),

0 < T' 1,

where for OFHC copper,

Tmeft - 1,356 K, Tom -. 293 K, C - 0.025,

m - 1.09, n - 0.31, A - 90.0 MPa, and B , 292.0 MPa.

Note that In the system of units used In the above equations, the density, p, of copper Is

8,960 kg/rn3.

In addition, the modified Johnson-Cook model was examined. The modified

Johnson-Cook equation Is

a U (A + Be')kc(1 - Tam), (3)

where, for OFHC copper, all constants have the same value as In the original Johnson-Cook

model, but the functional form of the strain rate has been changed.

Any constitutive equation may be used in this analysis, assuming of course that the

parameters used In the equation ate available and do not Introduce additional unknowns (such

as the pressure for example).

The Zerilli-Armstrong and Johnson-Cook constitutive equations may be evaluated to

provide the values of stress and strain at the onset of plastic Instability, or necking. The

critical strain at necking is determined by the plastic stability criteria which states that

(a + 8a)(A + 8A) k aA

for stability.
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Here, A is the cross-sectional area, 8A Is an Incremental element of area, and Ba is an

incremental element of stress. Neglecting higher order terms, the plastic stability inequality

yields

8o 5A
a A

or

do C., (4)

where now the true stress and true strain are used. From Equation 4, the strain at the onset

of plastic Instability, i.e., necking Is calculated where

do
W

and do and a are obtained from either Equation 1, Equation 2, Equation 3, or any other

appropriate constitutive equation.

For the ZerillI-Armstrong model, differentiation of Equation 1 yields

dc C2 exp (- C3T)CT -/2r C4T (5)

where the true stress, strain, and strain rate values are used. Since

C4T -04Tt to exp(-C 4Te ) ,

Equations 1 and 5 can be used to obtain the true strain at the onset of necking.
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An Identical procedure Is employed for the Johnson-Cook model, Equation 2, and the

modifld Johnson-Cook model, Equation 3. Table 2 lists the strains and stresses at the onset

of necking for both constitutive equations. The values given In Table 2 are for an 81-mm-

diameter conical copper liner with a tip velocity of 7.68 km/s and a measured tall velocity (last

particle of the jet visible at all x-ray flash times) of 2.13 km/s. The Initial strain rate was

calculated to be 67,957 s" . The temperature was assumed to be 625 K, which Is near the

median range of the measured values from von Holle and Trimble reported In Walters and

Zukas (1989). The copper grain size was taken to be 0.075 mm from ZerlllI-Armstrong (1 987).

The Initial strain rate, to Is taken to be the difference In velocity between the fastest and

the slowest jet particles divided by the effective slant height of the conical liner or the effective

slant length (the perimeter of one-half of the Inside surface) for a nonconical liner. Note that a

part of the apex region for a conical liner contributes only to the mass of the tip, and a portion

of the base region of the liner does not contribute to the jet. In general, the effective slant

height Is given by 10(Vtjp - Vrear)Ntip, where Vtip Is the jet tip velocity, Voar Is the measured

tall velocity from the flash x-ray of the jet (which depends on the length of jet captured on the

film), and i Is the total slant length of the liner. Thus,

toU ___Pt1o

The ratio (Vtp - Vrear)/Vtp Is introduced to account for the fact that the flash radiograph does

not provide Information on the entire length of the shaped charge jet. The effective slant

height is intended to represent the portion of the shaped charge liner which Is characterized In

the jet free flight. However, as will be shown shortly, AV calculations are relatively Insensitive

to the Initial strain rate.

The calculated strain values at necking from the Zerilll-Arrnstrong model are lower than the

values quoted by Chou and Carleone (1976) or Mostert and Koenig (1987), and of the same

order as those quoted by Hirsch (1990). The strains at necking calculated via the

Johnson-Cook models are lower yet. However, for all constitutive equations, the true stress
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Table 2. Stress and Strain Values at the Onset of Necking for the Zerilli-Armstrong and
Johnson-Cook Constitutive Equations

Zerilli-Armstrong Johnson-Cook Modified
Johnson-Cook

£ 0.359 0.202 0.201

a (MPa) 265.6 244.8 252.4

0.432 0.224 0,223

a ) (Mpa) 185.5 200.0 206.4

values fall in the range of 100 to 300 MPa as quoted by most Investigators. It is not obvious

whether true or engineering stresses/strains are obtained by other Investigators.

Also, the strain at necking predicted by the ZerIlIi-Armstrong constitutive equation
Increases with decreasing temperature. Therefore, jet breakup times that Increase with

decreasing temperature would be expected. This effect Is due to the functional form of the
Zerilli-Armstrong equation and not the AV model. The Johnson-Cook strains at necking do not
vary with temperature and lead to the prediction of extremely low AV values. Figure 1

compares the calculated true strains from the Johnson-Cook constitutive model and the
Zerilll-Armstrong model using several values of the temperature. The strain at necking
predicted by the Johnson-Cook equation does not.vary with temperature and varies only
slightly with strain rate, The strain at necking predicted by the modified Johnson-Cook model
does not vary with temperature or strain rate. Figures 2 and 3 present the true stress at
necking vs. the Initial strain rate with temperature as a parameter for the ZerillI-Armstrong and

Johnson-Cook models, respectively.

2.3 AVIEuations. The AV between particulated jet particles Is calculated
based on the equation for the propagation of plastic deformation along a wire as reported by
Kolsky (1963). This equation Is used to determine the velocity at which a wire would break

during the wire drawing fabrication process. This equation, as applied to a stretching shaped
charge jet (Waiters and Summers 1992), provides an expression for the velocity difference

AV as

12
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Figure 1. Thg Njiknga traln as a Function of the inifial Strain Rate With Jet Temperature as
a Parameter for the ZerIiii-Armstrong and Johnon-Cook Constitutive Eguaton.
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al a Parameter for the Johnson-Cook Constitutive Equation.
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AV. do/d., de, (6)

where p Is the Initial density of the jet, a. is the engineering stress, and e Is the engineering

strain. The strain e N corresponds to the ultimate tensile strength of the jet, and the velocity

corresponding to eN Is the velocity at which the jet will break. This formula can be extended

to account for a reduction In the cross-sectional area of the wire (or jet) (Walters and

Summers 1992).

Based on the chosen constitutive equation, the velocity difference between particles can

be calculated from Equation 1. This was accomplished In several ways. The constitutive

equations and the plastic stability criterion are expressed In terms of true stresses and strains,

and the AV equation is expressed In terms of engineering stresses and str.ains. One

approach Is to Ignore the difference between true and engineering strains/stresses and

combine the formulas directly (Waiters and Summers 1992). With these asoumptions (valid

only for small strains), the best agreement with the experimental data Is obtained. Table 3

depicts the results for this AV calculation and compares the calculations to the average

experimental AV for several shaped charges with copper liners. The Zerilli-Armstrong

constitutive equation was used with a temperature of 625 K. Also, the strain at necking was

treated as an engineering strain.

In spite of the excellent agreement with the experimental data, this model was deemed

Inaccurate since the engineering and true strains are not exactly equal, as can be seen In

Table 2. A more accurate, and rigorous, result may be obtained by working with either only

true stresses and strains or with engineering stresses and strains. Converting Equation 6 to

true stress and strain values yields

AV- oL N de, d 1 fN do e, (7)
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Table 3. Analytical Calculation of the Average Velocity Difference Between Particles
Assuming the True and Engineering Stresses/Strains Are Equivalent

Liner ,V (km/s) AV (km/s)
Experimental Analytical

81-mm cone 0.103-0.111 0.0993

65-mm cone 0.09-0.116 0.1014

101.6-mm cone 0.126 0.0989

163-mm trumpet 0.096-0.097 0.0966

76.2-mm hemisphere 0.097-0.100 0.0995

where the strain rate is allowed to vary with strain and the subscript N denotes the strain at

necking. Calculations of AV were obtained from Equation 7 for both the ZerIllI-Armstrong and

Johnson-Cook constitutive models by numerical Integration. In all cases, Isothermal

deformation was assumed, I.e., T * T (e).

However, numerical integration of Equation 7 is cumbersome when ao,'"ed In conjunction

with a jet formation code and provides little Insight Into the functional dep .,dencies of AV on

temperature, Initial strain rate, etc. Equation 7 may be directly integrated under two

assumptions. First, If do/de Is assumed to be much greater than a (true for small strains),

then

,, 1 N] dode
AV- J (8)

Second, if the strain rate Is taken to be constant, i.e., k t o, then

C C4T

A- 4 C/p(-C T) (9)
17 2p
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using the Zerill-Armstrong constitutive equation. For the Johnson-Cook model, Equation 8
(evaluated under the assumption of constant strain rate) yields

n2 EN 1 (1 + Cln.)(1 - T m)nB (10)n~l p

Similarly, for the modified Johnson-Cook relation

n+1
AV 2 e, " .(1 ,Tm)nB (11)

n+l p~J

If Equation 8 is evaluated for a variable strain rate or 9 w t(e), numerical Integration Is

necessary. This was done for the ZerilllI-Armstrong model with very little change in the

calculated AV.

Finally, the most theoretically correct equation, Equation 7, was evaluated by approximate
methods In order to develop a simple model to compete with the AV models listed in Table 1.
The approximate solution was obtained by series expansion and term-by-term Integration.

The expansion Is obtained from

F exp(- e) C4Ti

t 2" F2/e

-2C2 exp(- C3T) iC4T (1 + C4T)e 11/2

where C, - Co + k for the Zerilll-Armstrong consttutiva equation. The term exp(-e) is

represented by a series expansion, and the square root term is expanded by the binomial

theorem since

18



(C2 exp(- C3 T) C4 T)2 > 4 (C1j/" + C2 exp(- CT)C4T (1 + C4T) e]2 .

If the series expansions are Inserted Into the Integrand, multiplied together, and the result

Integrated term by term, the dominant term results in

4 3/4 Cc T C2 eXp (- C
3 T) (12)

AVU&7N j 2 p

This expression Is nearly Identical to Equation 9 but allows for a variable strain rate.

If AV Is expressed In terms of the stress,

Av. G-o .- ,,L[a 1 O-kF (13)3-L2p C2 exp(_.CT)j,4'

This expression, when compared to the results of other Investigators, as shown In Table 1,

shows the same dependence on p.1/ 2 but varies as ((y - C1)3/2 Instead of v'. Equation 13

clearly shows the functional dependence of AV on the grain size of the liner. As expected, the

velocity difference between partlculated jet particles will decrease with decreasing grain size.

3. RESULTS

Table 4 lists the calculated strains, stresses, and average AV for each of these models.

Basically, the Zerilli-Armstrong constitutive equation yields AV values In closer agreement with

the experimental data than the Johnson-Cook based models. There Is no significant

difference in the values of AV calculated using elthor the Johnson-Cook or the modified

Johnson-Cook relation. As before, the Zerilli-Armstrong grain size of 0.075 mm was used
along with a temperature of 625 K. Equation 12 Is chosen as our final AV formula since It is
simple and agrees with the experimental data as well as any of the other models.

It Is perhaps worthy of mention that Kennedy (1990) claimed that the AV between jet
particles used In the breakup time model of Hirsch ranged from 0.055 km/s for a precision
shaped charge to 0.18 km/s for a "crude" shaped charge. Also, Kennedy stated that AV
decreases as the jet ductility Increases. The AV of 0.055 kmins, Is In close agreement with the

AV calculations using Equation 7, which Is theoretically the most accurate expression for AV.
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Table 4. Calculated AV, FN, and ON Values for the Various Models Used In This Study

______________Warhead ____ ___

Const. II65 mm 101.6 mm 1 81 mm 163 mm 176.2 mm
_________ Eqn. Con Cone Cone Trumpet Hemisphere

AV, (km/s)a ZA9 0.061 0.060 0.060 0.058 0.060

AV7 (km/a) jCd 0.039 0.039 0.039 0.038 0.039
AV7 (km/a) M J-0* 0.039 0.039 0.039 ).039 0.039
AV, (km/a) Z-A 0.087 0.085 0.085 0.083 0.085
AV, (kmis) Z-A 0.087 0.085 0.086 0.083 0.086

AVIO (km/a) J-0 0.052 0.052 0.052 0.051 0.052
AV, 1 (km/a) M J-C 0.053 0.052 0.052 0.052 0.052
AV12 (km/a) Z-A 0.086 0.084 0.085 0.082 0.085
AV*xP (km/a) - 0.107 0.126 0.108 0.097 0.099

eNbZ-A 0.361 0.358 0.359 0.355 0.359

ON (MPa) Z-A 271.9 264.1 265.6 257.2 266.1

eNJ-C 0.202 0.202 0.202 0.202 0.202

ON (MPa) J-C 246.7 244.4 244.8 242.3 245.0

CN M J-C 0.201 0.201 0.201 0.201 0.201

ON (MPQ) M J-C 254.9 251.9 252.4 249.1 252.6

s 1T0e subscript on &V represents the equatin number
b The subscript N donotes stress or strhin values at necking
' Z-A denotes Zerlll-Armetrong
d J-C denotes Johnson-Cook
*M J-0 denotes modified Johnson-Cook

If the necking strain from the Zerillil-Armstrong model Is taken as 0.360 for all the copper
liners used In this study, then for cylindrical jet particles

exp (- EN) -A r
To- -r2
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or the radius of the jet at the necking strain would be r - 0.835 r.. This would Indicate that

this strain Is closer to the actual data than the Johnson-Cook strain calculation although
experimental data regarding the jet radius just prior to particulation Is scarce. The stress
values predicted by either constitutive model are in the range of 100-300 MPa as quoted by

other Investigators. [The predicted AV values are lower than the average experimental values
by about 20%. The AV values predicted by the current study show a variation with the liner

geometry due to the dependence of AV on the strain rate. The previous models predict the

same AV for all charges with the same liner material, since AV depends only on the stress.

The experimentally determined AV Is shown In Figure 4 for the 81-mm copper conical liner

shaped charge. Note that the AV values, measured for each Jet particle, range from nearly

0 to 0.250 km/s. It Is amazing In view of the scatter of the AV data that the average AV Is
usually 0.11 km/s (depicted by the dashed line on Figure 1) for shaped charges with 420
copper conical liners. The solid curve on Figure 4 shows the Incremental AV calculations

obtained by using Equation 9 In conjunction with a jet formation code. The Jet temperature

was assumed to be 625 K and constant throughout the jet. The copper grain size was taken
to be 0.075 mm. The "hook" In the analytical curve near the tip region Is due to the change in

jet velocity between liner elements being nearly zero for elements near the tip due to the
Inverse velocity gradient and the tip formaton process. Note that the current theory falls well

within the range of experimental data.

Also, the current model Is dependent on the jet temperature used In the Zerillli-Armstrong

constitutive equation. Tables 5-10 present the calculated AV values and the stress and strain
values at necking as a function of temperature for several shaped charges with copper liners.

Table 5 Is for a 81-mm diameter shaped charge with a copper conical liner. This table

presents several of the AV models discussed earlier for various temperatures. The remainder

of the tables present one AV calculation (Equation 9), but the stress and strain values at

necking are given for both constitutive equation models.

For all the cases studied, a very close match to the experimental data can be obtained if

the jet temperature Is assumed to be lower than the average values quoted by von Holle and

Trimble.
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Table 5. The Average Velocity Difference Between Particles for Several Analytical Models
and the Stress and Strain Values at Necking With Temperature as a Paramenter
for the 81-mm Cone

Liner: 81-mm cone
Explosive fill: Composition B
Initial strain rate: 67,957 s-I
Measured AV values (round number): 0.110 (4248), 0.111 (4249), 0.107 (4250), 0.111 (4251),

0.103 (4252)

.__AV (kms) ,

Temperature Eq. 7 Z.Aa  Eq. 7 j.cb Eq. g Z.A Eq. 10 j.c Eq. 1 Z.A

400 0.0772 0.0436 0.1095 0.0583 0.1085
500 0.0691 0.0415 0.0984 0.0555 0.0973
600 0.0615 0.0392 0.0881 0.0524 0.0870
700 0.0546 0.0366 0.0785 0.0490 0.0775
800 0.0482 0.0339 0.0697 0.0453 0.0687
900 0.0422 0.0308 0.0616 0.0411 0.0606

1,000 0.0368 0.0273 0.0541 0.0365 0.0532

Temperature F Z-A a
(K) 0MaA (M~a)

400 0.396 364,2 0.202 312.8
500 0.380 315.8 0.202 283.4
600 0.363 274.8 0.202 252.7
700 0.345 240.1 0.202 221.0
800 0.326 210.8 0.202 188.7
900 0.305 186.0 0.202 155,7
1,000 0.284 1851 0.202 122.2

III I I

a Z-A denotes Zerlll.Armstrong
b J-C denotes Johnson.Cook
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Table 6. Analytical AV Values From Equation 9 and the Stress and Strain Values at Necking
With Temperature as a Parameter for the 65-mm Cone

Liner: 65-mm cone
Explosive fill: LX-14
Initial strain rate: 99,909 s-
Measured AV values (round number): 0.09 (3813), 0.115 (4253), 0,116 (4254)

Temperature AIV EZA a bCa
(K) (kin/a) (MK_____ _______ _______ ______

400 0.1107 0.397 370.0 0.202 315.1
500 0.0998 0.382 322.0 0.202 285.6
600 0.0897 0.365 281.1 0.202 254.6
700 0.0803 0.348 246.4 0.202 222.7
800 0.0716 0.329 216.9 0.202 190.1
900 0.0635 0.310 191.9 0.202 156.9

1,000 0.056 1 0.290 170.6 0.202 123.2

aZ-A denotes Zerliii-Armtrong
b ,J-0 denotes Johnson-Clook

Tabie 7. Analytlcal AV Values From Equation 9 and the Stress and Strain Values at Necking
With Temperature as a Parameter for the 76.2-mm Hemisphere

Liner: 76.2 mm hemisphere
Expiosive fill: 75/25 OCTOL
Initial strain rate: 70,179 5-1
Measured AV vaiues (round number): 0.007 (4066), 0.100 (4135)

Terture AV C Z.A a Z A C(4c)
(K) (km/a) a______ (~ ) a)__ __ _ _____

400 0.1096 0.396 364.6 0.202 313.0
500 0.0985 0.380 316.3 0.202 283.6
600 0.0882 0.363 275.3 0.202 252.8
700 0.0787 0.345 240.6 0.202 221.2
800 0.0699 0.326 211.3 0.202 188.8
900 0.0617 0.308 188.5 0.202 155.8

1,000 0.0542 0.285 165.6 0.202 122.3

'ZpA denotes ZerliII-Armstrong
b J-0 denotes Johnson-Cook
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Table 8. Analytical AV Values From Equation 9 .3iaj, the Stress and Strain Values at Necking
With Temperature as a Parameter for the 101.6-mm Cone

Liner: 101.6 mm Cone
Explosive fill: 75/25 OCTOL
Initial strain rate: 62,221 s 1

Measured AV values (round number): 0.126 (4038)

Temperature AV a b' -

(K) (km/s) (-a) We (Mia)

400 0.1092 0.396 362.8 0.202 312.2
500 0.0980 0.380 314.4 0.202 282.9
600 0.0877 0.362 273.4 0.202 252.2
700 0.0781 0.344 238.7 0.202 220.6
800 0.0693 0.325 209.4 0.202 188.3
900 0.0611 0.304 184.7 0.202 155.4

1,000 0.0530 0.283 163.9 0,202 122.0

Z.A denotes Zerilli.Armsttong
b J-C denotas Johnson-Cook

Table 9, Analytioal AV Values From Equation 9 and the Stress and Strain Values at
Necking With Temperature as a Parameter for the 140-mm Cone

Liner: 140-mm cone
Explosive fill: 75/25 OCTO.
Initial strain rate: 43004 *-1
Measured AV values (round number): 0.102 (4263), 0.096 (4264)

Temperature ,V ?Z.A a  (j.C),-,
(K) (km/a) 1_Ma) tieP)

400 0.1080 0.395 357.4 0:202 309.9
500 0.0967 0.378 308.6 0.202 280.8
800 0.0862 0.360 267.5 0.202 250.4
700 0.0765 0.341 232.9 0.202 219.0
800 0.0675 0.321 203.8 0.202 187.0
900 0.0593 0.300 179.4 0,202 159.3

1,000 0.0517 0.277 158.9 0.202 121.1

"Z-A denotes ZorlII-Armstrong
b J-C denotes Johnson-Cook
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Table 10. Analytical &V Values From Equation 9 and the Stress and Strain Values at
Necking With Temperature as a Parameter for the 163-mm Trumpet

Liner: 163-mm trumpet
Explosive fill: LX-14
Initial strain rate: 40138 a- '
Measured AV values (round number): 0.097 (4241). 0.096 (4242)

Temperature .W E ZA' a b 

(K) (kin/a) _______ (M'a J

400 0.1078" 0.394 356.4 0.202 309.5
500 0.0964 0.378 307.5 0.202 280.5
600 0.0859 0.360 266.4 0.202 250.1
700 0.0762 0.341 231.9 0.202 218.7
800 0.0872 0.320 202.8 0.202 186.7
900 0.0590 0.299 178.4 0,202 154.1

1,000 0.0514 0.276 158.0 0,202 121.0

Z.A danotes ZerIllIArmstrong
b J-0 denotes Johnson-Cook

Namely, a temperature of 400-500 K will yield a ,V In complete agreement with the jet

experimental data. Of course, the jet temperature obviously varies through the jet and along

the jet from tip to tall. Also, von Holle and Trlnble report considerable scatter In their

temperature data. All theoretical calculations of Jet temperature (by Pfeffer and Racah, see

Walters 1991), predict temperatures at the low end of the measured values, i.e., about

450-500 K. Also, Robinson (1957) concluded that the jet temperature must be lower than

500 K, or that Insufficlent heat transfer occurs between the Jet and the target. These

conclusions were based on copper jets fired Into paper and other materials with self-igr6itlon

temperatures of 450-500 K. In short, the distribution of jet temperature as required for our AV

model Is simply not known. In Tables 5-10, the explosive fill Is given since the von Holle-

TrImble jet temperature measurements show a jet temperature variation with the explosive fill.

However, a trend regarding AV with explosive fill was not apparent from the current study.

The tabulated data Is plotted In Figures 5-7. Figure 5 shows the AV calcuilated from

Equation 9 with the Zerilli-Armstrcng constitutive equation vs. Initial strain rate for several

values of the temperature. The experimental points for the six copper rounds used In this

study are also shown on Figures 5-7. Figure 6 Is a similar plot for the Johnson-Cook
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Figure 5. The Calculated AV, Based on Eauatlon 9. a a Function of the Initial Strain Rate'
With Jet Temperature as a Parameter.
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relationship with AV from Equation 10. Figure 7 Is based on ZerilIi-Armstrong and AV from

Equation 7. Note that the initial strain rate has only a small effect on .AV. The temperature

has a much larger effect. Figure 6 Illustrates the lower predictions using the Johnson-Cook

model for all temperatures.

4. CONCLUSIONS

A model was derived to predict the AV between partlculated Jet particles. The model was

derived from the "wire drawing" equation reported by Kolsky, the criterion for plastic Instability,

and an appropriate constitutive equation. The calculated results were well witnin the range of

the experimental data for the six different copper shaped charges we studied. However, the

calculated average AV value was below the experimental average.

The model allows for variation In Initial strain rate and can thus distinguish between

different liner designs, unlike other models. The &V calculations are also dependent on

temperature and may be more accurate than Indicated once accurate calculations or

experiments are conducted to determine the jet temperature gradients. The mode: Is valid for

any face-centered-cubic material, and the Zerilll-Armstrong constitutive equation was deemed

to be superior to the Johnson.Cook equation for studies of this nature. Copper was the only

face-centered-cubic material considered In this study because we lacked either a known

constitutive equation or sufficient experimental data for other face-centered-cubic liner

materials,
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